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ABSTRACT. We give an equivalent definition of the Fredholm property for linear operators 
£L[ on scale Banach spaces and introduce a (nonlinear) scale Fredholm property with respect 

to a splitting of the domain. The latter implies the Fredholm property introduced by Hofer- 
00. Wysocki-Zehnder in terms of contraction germs, but is easier to check in practice and holds 

in applications to holomorphic curve moduli spaces. We demonstrate this at the example of 
trajectory breaking in Hamiltonian Floer theory. 



1. Introduction 

Scale calculus has recently been developed by H. Hofer, K. Wysocki and E. Zehnder as 
part of polyfold theory, which provides an analytic framework for the study of moduli spaces 
of pseudo-holomorphic curves. Roughly speaking, such moduli spaces are (compactifica- 
tions of) sets of equivalence classes of smooth maps which satisfy the Cauchy-Riemann 
equation, where two maps u and v are equivalent provided there exists a holomorphic auto- 
morphism (j> of the domain such that u = v o cf>. Since these spaces are studied for almost 
complex structures, there is no readily available algebraic framework, so that they instead 
are viewed as solution spaces to a nonlinear PDE, modulo a reparametrization action by a 
usually finite dimensional Lie Group. The fundamental analytic difficulty in this setup is 
that Fredholm theory for the Cauchy-Riemann operator requires a Banach space comple- 
tion of the space of smooth maps, while reparametrizations do not act differentiably in any 
known Banach completion. (In particular, the action of any nondiscrete reparametrization 
group on an infinite dimensional space of smooth maps is not differentiable in any Holder 
or Sobolev norm, see e.g. [McW] for a discussion.) 

The novel approach of polyfold theory to this issue is to replace the classical notion of 
differentiability in Banach spaces by a new notion of scale differentiability on scale Banach 
spaces, which allows for a natural framework of a scale of Sobolev spaces (a sequence 
indexed by the differentiability of the maps), in which reparametrizations act scale smoothly. 
The resulting scale calculus for scale manifolds is rich enough to establish a regularization 
theorem for suitably defined scale Fredholm sections with compact zero set, which allows to 
associate cobordism classes of smooth manifolds to e.g. compact moduli spaces of pseudo- 
holomorphic curves which contain no nodal curves. To deal with the latter, polyfold theory 
introduces a second fundamentally new concept - generalizing the local models for Banach 
manifolds to images of scale smooth retractions. More details on polyfold theory can be 
found in [HWZ1, HWZ2, HWZ3, HWZ4], the surveys [H, FFGW], and its first application 
to Gromov-Witten theory in [HWZ5]. 

This note aims to shed some light on the abstract linear and nonlinear Fredholm theory on 
scale Banach spaces, which obviously are crucial ingredients of the abstract regularization 
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theory provided by polyfolds. In particular, our goal is to explain at examples how the clas- 
sical Fredholm property of elliptic PDE's in many cases directly implies a scale Fredholm 
property - at least in the absence of singularities such as nodes. We give a quick overview of 
the basic definitions of scale calculus in Section 2 in order to fix notation and make this note 
(with the exception of the proofs and Section 5) self-contained. In particular, we introduce 
the notion of a norm scale on an infinite dimensional vector space, which - by completion 
- is the source of all scale Banach spaces in holomorphic curve applications. Section 3 
discusses the notion of a linear Fredholm operator on scale Banach spaces. We introduce a 
simpler definition, demonstrate why it is naturally satisfied by elliptic operators, and prove 
that it is equivalent to the definition in [HWZ1]. Section 4 similarly introduces a simpler 
nonlinear Fredholm property with respect to a splitting, which in practice will be given by 
splitting off a finite dimensional space of gluing parameters from an infinite dimensional 
function space. We show that this Fredholm property implies the Fredholm property based 
on a contraction germ normal form that is introduced in [HWZ1]. We moreover explain 
the need for a separate nonlinear Fredholm notion in scale calculus, whereas the classical 
notion of nonlinear Fredholm map is given simply by requiring continuous differentiability 
and the linear Fredholm property for the linearized maps (at zeros). 

Finally, to obtain a Fredholm theory e.g. in the presence of nodes in Gromov-Witten 
moduli spaces, [HWZ2] introduces a notion of Fredholm map between two images of scale 
smooth retractions. Here a more fundamental geometric issue is that neither the domain 
nor the target space has a locally trivial tangent bundle - the fibers can "jump in dimension 
almost arbitrarily". Hence the polyfold Fredholm property requires an extension ("filled 
version") of the map to a scale smooth Fredholm map between open subsets of the ambi- 
ent scale Banach spaces, which has the same zero set. If the retractions arise from gluing 
constructions as the ones used to describe bubbling (nodes) or breaking (building) of pseu- 
doholomorphic curves, then the geometry of the problem suggests a natural filling construc- 
tion. Section 5 gives an example for the case of Hamiltonian Floer theory. 

We demonstrate the strength of our simplified nonlinear Fredholm notion and polyfold 
theory in general by proving the Fredholm property for the perturbed Cauchy-Riemann 
operator near a broken Floer trajectory in three short Lemmas 5.3, 5.4, 5.5. Combined with 
the abstract transversality and implicit function theorem for M-polyfolds in [HWZ2], this 
Fredholm property replaces the entire transversality and gluing techniques in the classical 
construction of Hamiltonian Floer theory in the absence of bubbling, as developed by Floer 
[F]. In fact, it even provides a smooth structure with boundary and corners on perturbations 
of the higher dimensional compactified moduli spaces of Floer trajectories. 

Due to the novelty of scale calculus, we adopt an expository style, in particular repeat 
all relevant definitions from the work of Hofer-Wysocki-Zehnder (which will be marked 
by [HWZ1]), provide the basic examples that may also appear elsewhere, and give highly 
detailed proofs of the functional analytical facts that are not readily available in [HWZ1]. 
However, in the application to Floer theory, we develop the relevant setting without further 
explanation of the M-polyfold notions, thus reducing the polyfold Fredholm property to 
analytic statements, which we then again prove in full detail. 

Acknowledgements: This note was inspired by questions arising in the work with Joel 
Fish, Roman Golovko, and Oliver Fabert on [FFGW]. I would like to thank them as well as 
Peter Albers, Nate Bottman, Helmut Hofer, Jiayong Li, and Dusa McDuff for stimulating 
discussions on these topics. I am particularly grateful to Helmut Hofer for proving an earlier, 
even easier, version of the nonlinear Fredholm property to be useless. 
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2. Some basic scale calculus 

We begin with a new definition, which in practice is applied to spaces of smooth maps to 
give rise to scaled Banach spaces. 

Definition 2.1. A norm scale on a vector space F is a sequence of norms (|| • ||fc)fegN on 
F such that for each k > j the identity map 



is continuous and compact. That is, 

• there is a constant Ckj such that \\f\\j < Ck,j \\f\\kfi>r all f G F, 

• the || • \\k-ball {/ S F \ \\f\\k < 1} has compact closure in (F, \\ ■ \\j). 

Recall here that precompactness (i.e. compactness after closure) of the || • ||fc-unit ball 
implies precompactness of all other || • \\k -bounded subsets in the || • || j -topology. Since 
all norms on a finite dimensional vector space are complete and equivalent, there is no 
nontrivial example of a norm scale on a finite dimensional vector space. The first two non- 
trivial examples, with the second one relevant to Gromov-Witten theory, are the following, 
in which we also list the examples of scale Banach spaces, which are formally introduced 
in Definition 2.2 below, that result from completion in each scale. 

• TheC fc -norms (|| • ||c fc )fe6N form a norm scale on F = C°°(S 1 ). The || • ||cfe -completions 
of C°°(S 1 ) then form the scale Banach space 



• The W k ' p Sobolev-norms (|| • \\ W h, P ) keNo form a norm scale on F = C°°(S 2 ,C n ) for 
any 1 < p < oo, n > 1. The || • \\w k -p -completions of C°°(S 2 , C") then form the scale 
Banach space 



For the rest of this section we follow [HWZ1] - with some convenient tweaks of notation 
- in developing the basic language of scale calculus. 

Definition 2.2 ([HWZ1] 2.1). A sc-Banach space E = (Ek)keN is a Banach space 
(E, || ■ ||) together with an sc-structure (Ej-, || ■ ||fc)feeN > which consists of a sequence of 
linear subspaces E^ C E, each equipped with a Banach norm \\ ■ such that the follow- 
ing holds. 

(i) We have (E, || • ||) = (Eq, \\ ■ \\q) as Banach space. 

(ii) For each k > j there is an inclusion of subspaces E^ C Ej, and the inclusion 
map (Ek, || • ||fc) (Ej, \\ ■ \\j) is continuous and compact. 

(Hi) The subspace Erx, := HfegNo ^ k ^ ' s dense in each (Ek, \\ ■ ||fc). 

Remark 2.3. Any finite dimensional Banach space E carries the trivial sc-structure (E k = 

E)keN - In particular, for n S N we will denote by K™ and C™ the real and complex Eu- 
clidean spaces with standard norm and trivial sc-structure. 

Due to the density requirement (Hi), there are no nontrivial sc-structures on finite dimen- 
sional spaces; and due to the compactness requirement ( ii) there are no trivial sc-structures 
on infinite dimensional spaces. 

At this point, the reader unfamiliar with scale calculus can get familiarized with the 
concept by checking that the completions with respect to a norm scale always form an sc- 
Banach space; in particular so do the examples above. Next, the prototypical examples of 
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scale smooth but not classically differentiable maps are the reparametrization actions in the 
above examples. 

• The translation action on functions with domain S 1 := M/Z, 

TiRxCfSV^ 1 ), (*,/)•-»> /(« + •) 
has directional derivatives at points (so,/o) £ RxC 1 (5 1 ), but the derivative ^ji\ h - (fo+ 
hF)(so + hS) = S /o(so + •) + F(sq + •) in direction (5, F) is not even well defined 
for /o G C°(S 1 )\C 1 (S 1 ). Moreover, t is in fact nowhere classically differentiable. 1 
However, the restriction of r to a map R x C fe+1 (5 1 ,R) — > C /c (S' 1 ) is continuously 
differentiable for any k G No- In fact, r is sc°° if we equip C°(5' 1 ) with the sc-structure 
(C fe (S ll ))fcgNo- This can be checked by noting that the differential is 

D (soJo) r(S,F) = 5/o(«o + + F(s o + 0- 

(This example secretly uses the product R x E of an sc-Banach space with the trivial 
sc-structure on R, given by the scales (R x Ek)keN > c.f. Remark 3.3 below.) 

• The reparametrization action by the group of Mobius transformations PSL(2,C) on 
S 2 = CP 1 , 

6 : PSL(2,C) x W k < p (S 2 ,C n ) -¥ W k ' p (S 2 ,C n ), (<j),u) ^ o<f> 

has directional derivatives at points (<j) , u ) G PSL(2, C) x W k+1 ' p (S 2 , C' 1 ), but is 
differentiable only as map PSL(2, C) x W k+1 ' p {S 2 , C") -> W k ' p (S 2 , C n ). However, 
6> is sc°° on the sc-Banach space (W^S 2 , C")) fcgN . 

(This example secretly uses a scale structure on the nonlinear space PSL(2, C). Sc- 
differentiability in this context is defined in local charts of this Lie group in C 3 .) 

Definition 2.4 ([HWZ1] 2.3, 2.4, 2.13). 2 Let E, E be sc-Banach spaces and let $ : U -> F 

be a map defined on an open subset U C Eq. 

(i) $ is scale continuous (sc ) if$>\unE m ■ E m — > F m is continuous for all m G No; 

(ii) <1> is scale differentiable i/i* is sc° and for every x <E U C\ Ei there exists a bounded 
linear operatorD^(x) : Eq — > Fq such that 

sup a _1 ||$(a; + /i)-$(x)-D$(x)ft|L — >0 
||M| El =ft ^ ri ^° 

andH<&(x)E m C F m whenever x G £/ fl J? m +i. 

(iii) /f <& is scaZe differentiable then its tangent map is the map 

T$ : TE\u -> TF, (as, /i) ^ ($(ar),D$(a5)ft), 

defined on the open subset TE|j/ := (U PI £1) x i? of the sc-Banach space TE := 
(F m+ i x F m ) m6No , mapping to TE := (F m+1 x F m ) 

(iv) $ is k-fold continuously scale differentiable (sc k / ) for k > 1 //if is sca/e differen- 
tiable and its tangent map T$ : TE|j/ —5- TE is sc fc_1 ; 

(v) <& is scale smooth (sc 00 ) i/if is sc k for all k G Nq. 



The directional derivative in any fixed direction (S, F)6lx C°(S 1 ) exists since uniform continuity of F 

guarantees max s6S i \F{s + h)-F{s)\ -> Oasft -> 0. However, the unit ball in C^S 1 ) is not equicontinuous, 

so that differentiability on the normed space, supii = 1 max s6S i \ F(s + h) — F(s) | — >• as h — v 0, fails. 
9 c 
Note that [HWZ1] does not explicitly define a notion of scale differentiability as in (ii), but rather groups 

(ii)-(iv) for k = 1 into the definition of continuous scale differentiability sc 1 , which is the relevant notion for most 

purposes. The purpose of our definition (ii) is to define the tangent map (iii) in maximal generality. 



FREDHOLM NOTIONS IN SCALE CALCULUS AND HAMILTONIAN FLOER THEORY 



5 



Finally, for reference in the nonlinear Fredholm theory, we fix a germ-like notion of scale 
smoothness at a point. 

Definition 2.5. Let E, F be sc-Banach spaces and let $ : U — > Fq be a map defined on a 
neighbourhood U C -Bo of eo £ -Boo- Then we say that $ is scale smooth at eo (or sc°° at 
eoj if for every k £ No there exists a neighbourhood Uk C U of eo such that <§>\u is sc k . 

3. Fredholm property for linear operators 

We begin with a new definition of the Fredholm property for linear maps on scale Ba- 
nach spaces, which we will then show to be equivalent to the definition of Hofer-Wysocki- 
Zehnder, which we will denote as "HWZ-Fredholm". 

Definition 3.1. Let E, F be sc-Banach spaces. A sc-Fredholm operator T : E — > F is a 

linear map T : Bo — 5- Bo that satisfies the following. 

(i) Tissc , that is all restrictions T\E m ■ E m — > F m form £ No are bounded operators. 

(ii) T is regularizing, that is e £ Bo and Te £ F m for any m e No implies e £ E m . 
(Hi) T : Bo — > Fq is a Fredholm operator, that is it has finite dimensional kernel kerT 

and cokernel Fq/T(Eq). 

We will see in Lemma 3.5 below that assumptions (i)-(iii) in this definition in fact also 
imply that each restriction T\E m ■ E rn — > F m is a Fredholm operator. Moreover, the 
Fredholm index of T is the same on any scale m £ No, 

ind(T) = md(T\E m ) = dimkerT — dim( Fm / T ^ ,J. 

The prototypical examples of sc-Fredholm operators are the following elliptic operators in 
the examples of Section 2. 

. Let E := (C^ (S 1 )) k€Na and F := (C k (S 1 )) ^ then £ : C^S 1 ) C ^ 1 ) is an 

sc-Fredholm operator ^ : E — > F. 
• Let E := (W 1+k ' p (S 2 , C")) fceN for 1< p < oo, and denote the W k ' p -closme of 

smooth (J, j)-antilinear C" -valued 1 -forms on S 2 by E := (W k ' p (S 2 , A ^ 1 ® , 7 C™)) fcgN 

Then the Cauchy-Riemann operator dj : W^p(S 2 -> L P (S 2 , A 0,1 ®j C") with 
respect to J = i on C" and j = i on S 2 = CP 1 is given by u \-> |( J o du o j + du). It 
is an sc-Fredholm operator <9j : E — > F. 

The sc°-property of these operators is a formalization of the fact that linear differential 
operators of degree d are bounded as operators between appropriate function spaces (e.g. 
Holder or Sobolev spaces), with a difference of d in the differentiability index. The reg- 
ularizing property, in this context, is simply the statement of elliptic regularity. Finally, 
the elliptic estimates for an operator and its dual generally hold on all scales similar to the 
boundedness above, and this implies the Fredholm property on all scales. 

We will now compare this scale Fredholm property with the definition of the Fredholm 
property by Hofer-Wysocki-Zehnder that is based on the notion of direct sums in scale 
Banach spaces, as follows. 

Definition 3.2 ([HWZ1] 2.5.). Let E be an sc-Banach space. Two linear subspaces X,Y C 
E split E as a sc-direct sum E = X © sc Y if 

( i) both X and Y are closed and carry scale structures X PI B m resp. Y H E m ; 

(ii) on every level m £ No we have the direct sum E m = (X D E m ) © (Y n E m ). 
IfE — X (Bsc Y then we call Y the sc-complement of X. 
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Remark 3.3 ([HWZ2] Glossary). Reversing the definition of sc-direct sum, there is a natu- 
ral product notion E x F for sc-Banach spaces, such that E x F = (E x {0}) © ({0} x F). 
The sc-product E x F of two sc-Banach spaces E, F is the Cartesian product E x F with 
the scale structure (E x F) k := (E k x F k , \\ ■ \\ Ek + \\ ■ ||fJ- 

Definition 3.4 ([HWZ1] 2.8.). Let E, F be sc-Banach spaces. A HWZ-Fredholm operator 

T : E — > F is a linear map T : Eq — > Fo that satisfies the following. 

( i) The kernel kcr T is finite dimensional and has a sc-complement E = ker T © sc X. 

(ii) The image T(Eq) has a finite dimensional sc-complement F = T(Eq) (Bsc C. 
(Hi) The operator restricts to a sc- isomorphism T\x ■ X — > T(Eq). 

Before we prove the equivalence of the sc-Fredholm and HWZ-Fredholm property, let 
us show that sc-Fredholm operators are in fact Fredholm on each scale, in particular each 
image T(E m ) C F m is closed, which is the only strengthening of (iii) that is needed in the 
proof of equivalence in Lemma 3.6 below. 

Lemma 3.5. IfT : E — > F is sc-Fredholm, then the restrictions T\ Em ■ E m — > F m are 
Fredholm for all m G N with kernel and cokernel 

kerT\ Em = kerT c E^ Fm / T (E m ) = \mT> 

where the latter isomorphism is induced by the inclusion F m C Fq. In particular, the 
Fredholm index ofT\ Em is the same on any scale m G No. 

Proof. Due to the embedding E m C Eq, the kernel of T\ Em is kerT n E m , i.e. finite 
dimensional since it is a subspace of the kernel kcr T C Eq that is finite dimensional by the 
Fredholm property of T : Eq — > Fq given by (iii). In fact, the regularization property (ii) 
for G Too implies ker T C E^, so that ker T n E m = kcr T for all m G N . 

Next, we will show that T(E m ) C F m is closed, although this will also follow from 
finite dimensionality of the cokernel. For that purpose we need to consider any sequence 
&i G E m which has converging images T(ej) — s- /oo in the F m -topology, and show that 
foo G T(E m ). Indeed, then closedness of T(Eq) C Fo from the Fredholm property (iii) 
implies = T(e') for some e! G Eq, and we have T(e') = foo G F m since it is the limit 
of a sequence in F m , hence the regularization property (ii) implies that e' G E m and hence 
foo = T(e') G T(E m ) by the boundedness of T\ Em given by the sc° property (i). 

The last part of this argument can be rephrased to say that the regularizing property (ii) 
together with the boundedness (i) imply T(E m ) = T(Eq) n F m . Hence the inclusion 
F m C Fo induces an injection of cokernels Fm l T ^ E \ F °^T(E y °^ wn i cn tne latter is 
finite dimensional by (iii). This proves that T\ Em also has finite dimensional cokernel, and 
hence is Fredholm as claimed. In fact, since F m C Fo is dense, the image of this injection 
must also be dense. But in finite dimensions that means equality, as claimed. □ 

Lemma 3.6. Let E, F be sc-Banach spaces, then a linear map T : Eq — > Fq is sc-Fredholm 
iff it is HWZ-Fredholm. 

Proof. Given the splittings (iii) for a HWZ-Fredholm operator, the finite dimensional sum- 
mands are necessarily contained in the "smooth" intersection of all scales, kcr T C -Eoo and 
C C Foo, since otherwise e.g. C n would be a proper subspace of C, which in finite 
dimensions contradicts the density axiom for sc-Banach spaces. Next, any HWZ-Fredholm 
operator T is regularizing by [HWZ1, Proposition 2.9], that is T(E ) n F m = T(E m ). 
Together with kcr T C Eoo this indeed implies T~ 1 (T(E ) n F m ) C E m . Moreover, each 
restriction T\ Em can be viewed as operator between the direct sums T\ Em : kcr T ® (X 
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E m ) -> T(E m ) © C, where by (iii) the further restriction T\xnE m ■ X n E m -> T(E m ) 
is an isomorphism. Since kerT and C are finite dimensional, this implies the classical 
Fredholm property of T\ Fm , and hence shows that T is sc-Fredholm. 

Conversely, given an sc-Fredholm operator T, we have kcr T C -Eoo by the regularizing 
property, and this kernel is finite dimensional by the Fredholm property of T\e - Then 
[HWZ1, Proposition 2.7] provides an sc-complement E = kerT © sc X, that is X n E m is 
a topological complement for kerT C E m for each m € Nq. Next, T(Eq) C i*b is closed 
and of finite codimension by the Fredholm property of T\e , hence has a finite dimensional 
topological complement in Fq. Then [HWZ1, Lemma 2.12] provides a finite dimensional 
subspace C C Foo such that F = T(E ) C. We claim that this in fact induces an 
sc-direct sum 

(1) F = T(E ) ® sc C. 

To check this we first ensure that T(E ) n F rn defines an sc-structure on T(E ). Indeed, by 
the regularizing property we have T(E ) n F m = T(E m ), which is closed by Lemma 3.5, 
and hence inherits a Banach space structure from F m . Now the embedding T(E m ) ^-s- 
T(E m+ i) is compact since it is a restriction of the compact embedding F m C F m+ i. 
Moreover, T(Eq) Foo = T(E 00 ) is dense in every T{E m ) since J? m C E m is dense 
and T : E m — > F m is continuous. Thus we have a scale structure on T(Eq), along with 
the trivial scale structure (C m = C) m gN on C. It remains to check that the direct sum 
isomorphism Ht(e ) x He : Fq — > T{Eq) x C, given by continuous projection maps, is in 
fact an sc-isomorphism. On the finite dimensional space C all norms are equivalent, so the 
continuity of He : Fq — > C C Fo and F m C Fo implies continuity of IIc : F m — > C C 

± mi 

pcf\\ Fm < C m \\U c f\\ Fo < C m C\\f\\ Fo < C m CC' m \\f\\ Fm V/ g F m . 

Now this implies continuity of H T ^ Eo ) \F m = IdF m — ^c\F m - Hence we have established 
(1), that is, C C F m is a topological complement of T(E m ) = T(Eq) D F m for each 
m £ No. Finally, the restriction T\x ■ X — > T(Eq) is an sc-isomorphism since on every 
level T : X P\ E m — > T(E m ) is the restriction of a Fredholm operator to a map between the 
complement of the kernel and the image. This proves that T is also HWZ-Fredholm. □ 

4. Fredholm property for nonlinear maps 

The notion of a nonlinear Fredholm map on scale Banach spaces cannot simply be ob- 
tained by adding "sc-" in appropriate places to the classical definition of Fredholm maps, 
but requires a minor tweaking to obtain an implicit function theorem for scale differentiable 
maps with surjective linearization. The latter is usually proven by means of a contraction 
property of the map in a suitable reduction. Since the contraction will be iterated to obtain 
convergence, it needs to act on a fixed Banach space rather than between different levels of a 
scale Banach space. However, in classical nonlinear Fredholm theory, this contraction form 
follows from the continuity of the differential in the operator norm, whereas the differential 
of a scale smooth map is generally continuous only as operator between different levels. 
Hofer-Wysocki-Zehnder solve this issue by making the contraction property a part of the 
definition of Fredholm maps. However, this raises the question of how this property can be 
proven for a given map. It turns out that in practice, this "contraction germ normal form" 
is established by proving classical continuous differentiability of the map in all but finitely 
many directions and the scale Fredholm property for this partial derivative. We will formal- 
ize this approach in an alternative definition of the nonlinear Fredholm property, which is 
stronger than the following definition from [HWZ1], but is easier to check in practice. 
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Throughout we restrict our discussion to the Fredholm property at the zero vector € E 
in a scale Banach space. However, by a simple shift this provides the general Fredholm 
notion in polyfold theory, namely at any point eo G E x in the dense "smooth" subset. 

Definition 4.1 ([HWZ2] 3.6 3 ). Let $ : E -> F be a sc°° map between sc-Banach spaces 
E, F. Then $ is HWZ Fredholm at if the following holds: 

(i) $ is regularizing as germ: For every m G N there exists e m > such that $(e) G 
F m+ i and \\e\\ Em < e m implies e G E m+1 , 

( ii) $ has a contraction germ normal form, that is there exist 

• an sc-embedding h :U — > K fe X W {i.e. an sc°° map to an open subset with sc°° 
inverse) for some neighbourhood U C Eq ofO, some k G No, and some sc-Banach 
space W, such that h(0) = (0, 0); 

• a germ of strong bundle isomorphism G = (g e : F — > M. e xW j ^ for some £ G No, 
that is a family of linear bijections g e : Fo —> M. e X Wo such that the map 

G : ((E m nU) x F m+i ) m&o H- (K £ x W m+i ) meNo , (e, /) ^ g e (f) 

restricts to sc n maps for i = 0,1 on neighbourhoods U n C U of for every n G No; 
such that the transformed map is of the form 

Go($-$(0))or 1 : (v,w) h-> (A(v, w),w - B(v,w)), 

where A : R k x W -> R £ is any sc°° map a«c/ i? : M fe x W — > W is a contraction 
germ: For every m G No and > f/iere exists e m > smc/i that for all v G IR fe a«ci 
wi,w 2 G W with \v\ R k, ||tui||w m) ||^2||w m < £m we/zave 

(2) \\B(v,wi) - B(v,w 2 )\\ Wm < 0\\wi - w 2 \\w m - 

In classical Fredholm theory, the equivalence to the above contraction germ normal form 
holds automatically for a continuously differentiable map whose differential at is Fred- 
holm. The following remark explains this in detail and explores the failure of the analogous 
statement for scale smooth maps with sc-Fredholm differential. 

Remark 4.2. Suppose that <1> : E -> F is a sc°° map whose differential D<f>(0) : E -> F 
is Fredholm, and let W C E be a complement of its kernel. Then by Definition 2.4 (ii) of 
the differential we have $(/i) = $(0) + D$(0)/i + FL(h) with an error term ||i?(/i)|| < 
e (ll^lli)ll^lli f° r a function e : R + -> E+ with lim fi ^ e(^) -> 0. Moreover, let g 
/ 1 © D<1>(0) _1 : F -> K f x W be the isomorphism induced by the direct sum F = 
i(R e ) © D$(0)(W) for a choice of complement i : R e ^ ¥ of the image of D$(0). Then, 
writing h = v + w G kcrD<i>(0) © W we almost obtain the contraction form, namely 

ff ($(« + «;)) = g(^(0)) + (r 1 (pT l{we) R(v + w)),w-B(v,w)) 

where given 8 > we have contraction with respect to a shift in the scales from W\ to Wq, 

\\B(v,wi) - B(v,w 2 )\\ w < 9\\wi - W2\\w! 



This definition is not explicitly given in [HWZ2]. It is obtained from the definition of an M-polyfold Fredholm 
section of a strong bundle as the special case of the section /(e) = (e, <&(e)) in the trivial bundle E X F — ¥ E 
with trivial splicing (hence no filler is involved). The reference sc+ section s : U — > F will be given by e i— > 
G(e,*(0)),and is sc - ' - due to the strong sc-smoothness of G and ^*(0) £ -^oo- 
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for sufficiently small ||u + ; \\1V2 — u>i\\wi since we have, with R x and e x denoting 

the error terms for the differential D$(x), 

\\Ro(v + wi) - R (v + w 2 )\\ Wo = \\R V+Wl {w 2 - wi)\\ Wo 

< e«+ti;i (11*02 ~ willwOIKa - WxWw,. 

If $ was classically continuous differentiable, then the same estimates would hold with 
W\ = Wo, thus establishing a contraction. In the merely scale differentiable case the 
analogous estimates can be established on all scales - providing contractions from W m +i 
to W m - but this shift prevents us from applying any iteration arguments such as the proof 
of Banach's fixed point theorem which would provide an implicit function theorem. 

Delving a little deeper into scale differentiability, note (or refer to [HWZ4, 2.1]) that $ 
restricts to classically C 1 maps E m+ i — > F m for all m £ No, and moreover its differentials 
extend to bounded linear maps in L(E mi F m ), which however depend continuously only on 
E m+ i in the weak sense of continuity of the map 

(3) E m+l x E m -> F m , (x, e) H- D$(x)e. 

Thus we can refine the contraction estimate for v, w\,w 2 G E\ by using the mean value 
inequality to obtain for some t 6 [0, 1] 

R(v + iui) - R(v + w 2 ) = $(v + wi) - $(v + w 2 ) + D$(0)(w 2 - w\) 

= (D$(w + wi + t(w 2 - wi)) - D<j>(0))(iui - w 2 ). 

If now x 1 — y D<l>(a;) is not just continuous in the sense of (3), but in the operator topology as 
map E m+ i — > L(E m , F m ), which is the case in many applications, then B satisfies the con- 
traction property (2) on the IVm-scale for sufficiently small ||«||w m+ D ||*0i||w m +i) ll u '2||iv m+ 
However, this shift in norms still prevents us from applying Banach's fixed point theorem 
to the equation w = B(v, w) since closed VK TO+ i-balls are not complete in the VK m -norm. 

The discussion of this remark shows that an implicit function theorem for maps with 
surjective differential only follows from standard techniques if $ : E m — > F m is C 1 in the 
standard sense. However, for Cauchy-Riemann operators, this stronger differentiability will 
not hold as soon as E m contains gluing parameters which act on functions by reparametriza- 
tion. This, however, is usually the only source of non-differentiability, and after splitting off 
a finite dimensional space of gluing parameters one deals with classical C x -maps on all 
scale levels. If their differential would depend continuously on the gluing parameters in the 
operator topology, then the linear transformation of Remark 4.2 would bring <I> into the con- 
traction germ normal form that is required for <E> to be HWZ Fredholm. In applications, this 
is generally not quite the case, but some weaker continuity still holds and suffices to find 
a nontrivial bundle isomorphism into contraction germ normal. This motivates the follow- 
ing definition, which is just slightly stronger than the definition via contraction germs, but 
should be more intuitive for Cauchy-Riemann operators in the presence of gluing. In fact, 
in practice the Fredholm property is implicitly proven via this stronger differentiability, see 
e.g. [HWZ6, Thm.8.26], [HWZ5, Prop.4.8], and Remark 4.4 below. Here we denote open 
balls centered at in a level E m of a scale space by 

™ := {e 6 E m \ \\e\\ m < r) for r > 0. 

Definition 4.3. Let $ : E — > F be a sc°° map between sc-Banach spaces E, F. Then <E> is 
sc-Fredholm at with respect to the splitting E = R d x E' if the following holds. 

( i) $ is regularizing as germ, that is for every m € No there exists e m > such that 
3>(e) e F m+ i and \\e\\ Em < e m implies e <G E m+ \. 
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(ii) E = R d x E' is an sc-isomorphism and for every m G No there exists e m > 

e' 

such that $(r, •) : B t ™ — > F m is differentiable for all \r\ R d < e m , and its differential 
D]E'$(ro,eo) : E' — > F, e M> ^$(ro,eo + ie)|t = o in the direction of E' has the 
following continuity properties: 

a) For fixed m G No and r G Bf the differential operator Bf™ — > L(E' m: F m ), 
e i — ^ De'"!^, e) /s continuous, and the continuity is uniform in a neighbourhood of 
(r, e) = (0, 0). That is, for any S > there exists < e m ,5 < e m smc/i that for all 

(r, e) G s x we /iave 

\\DE,$(r,e)h-~Dm,${r,e')h\\ Fm <8\\h\\ E ' m V\\e'-e\\ B - m <e m , s ,heE' m . 

b) For any sequences M. d 3 r v Oan£/e' y G Bf m with ||D E '$(r ly ,0)e' y || F — > 
there exists a subsequence such that ||De'$(0, 0)e" F — > 0. 

m u—¥oo 

(Hi) The differential De'$(0, 0) : E' — > F is sc-Fredholm in the sense of Definition 3.1. 
Moreover, D]E'$(r, 0) : Eq — » Fq is Fredholm for all \r\ R d < 6q, with Fredholm index 
equal to that for r = 0, and weakly regularizing, that is kerD£'$(r, 0) C E\. 

Remark 4.4. We can compare the above definition with the analytic properties [HWZ5, 
Prop. 4. 23, 4.25] of the Cauchy-Riemann operator in the Gromov-Witten case, from which 
Hofer-Wysocki-Zehnder deduce its polyfold Fredholm property. They also give an abstract 
summary in [HWZ5, Prop.4.26], which only came to the authors' attention after completion 
of this manuscript. 

The differentiability in all but finitely many directions (ii) is the second bullet of [HWZ5, 
Prop. 4. 23], but not explicitly assumed in [HWZ5, Prop.4.26]. The continuity in (ii a) cor- 
responds exactly to [HWZ5, Prop.4.25] resp. [HWZ5, Prop.4.26 (3)]. The sc-Fredholm 
property at (0,0) in (iii) is also required by the first bullet of [HWZ5, Prop. 4.23] resp. 
[HWZ5, Prop.4.26 (1)], which moreover require the sc-Fredholm property with the same 
index for all sufficiently small (r, e). The latter is stronger than our classical Fredholm, 
index, and regularization conditions for small (r, 0), but follows from (iii) together with the 
differentiability (ii) and the techniques of Section 3. 

Finally, it remains to compare the continuity in (ii b) with the third bullet of [HWZ5, 
Prop.4.23] resp. [HWZ5, Prop.4.26 (2)]. The special case of K = {0} and z v = in the 
latter is exactly the assertion in our setting that a subsequence of e v converges in E m . This 
then implies (ii b) due to the continuity of M. d x E' m -)• F m , (r, e) n- D E -$(r, 0)e. On 
the other hand, condition (ii b) implies this special case of [HWZ5, Prop.4.23] due to the 
estimate arising from injectivity of De'$(0, 0) on a complement of its finite dimensional 
kernel. The general case of DE'<E>(r 1/ , k v ) — z v — > for nontrivial k v G K c E' or 
ll^ll-Fm+i — 1 d° es not seem t° be a direct consequence of our conditions, though it might 
follow from the contraction germ property. 

Using the weak continuity properties of the partial differential in all but finitely many 
directions, we can extend the techniques of Remark 4.2 to obtain a contraction germ normal 
form for sc-Fredholm operators, and thus prove that they are essentially HWZ-Fredholm 
operators. Note here that in applications of the scale Fredholm theory, e.g. the implicit 
function theorem of polyfold theory, the contraction germ property is necessary only from 
some fixed scale onwards, so that Newton iteration can be performed on each sufficiently 
high scale to find a smooth solution set in the subset of "smooth points" of the polyfold. 

Theorem 4.5. Let $ : E — > F be a sc°° map. If $ is sc-Fredholm at with respect to 
a splitting E = M. d x E', then it satisfies all conditions of Definition 4.1 with the possible 
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exception of the contraction (2) for m = 0. In particular, ^\e x '■ (-Em)meN — > (-fm)meN is 
HWZ-Fredholm at with respect to the induced scale structures on Ei C Eq and F\ C Fq. 

Proof. Since D E /<I>(0, 0) is sc-Fredholm, Lemma 3.6 provides sc-direct sums 

E' = ker D E '$(0, 0) ® sc W, F = imD E ,$(0, 0) ® sc C, 

such that W m := Wo n -E m is an sc-structure on Wq and C C is finite dimensional. 
Denote by il c : F C and lip := id F -lie : F -> imDp$(0, 0) the sc° projections to 
the factors, then we claim that for e' > sufficiently small we obtain isomorphisms 

(4) n^oD P $(r, 0)\ Wo : W A imD E ,$(0,0) V|r|m < ej, 
satisfying uniform estimates for all m > 1 with some e' m > 0, 

(5) |M|w m < C m \\H^B M ^(r,0)w\\ Fm V\r\ R 4<e' m ,w£W m . 

Both hold by construction for r = 0, so our claim is that, for a possibly larger constant C m , 
they continues to hold for |r| R d < e' m sufficiently small. Note moreover that - due to the 
finite codimensional restrictions in domain and target and the Fredholm condition (iii) on 
the map <1> - we are dealing with sc-operators of Fredholm index 

indn^D E '$(r,0)| Wo = indD E ,$(r, 0) - dimkerD E /$(0, 0) + dimC 

= indD E '$(0, 0) - dimkerD E /$(0, 0) + dim imD ^l {m = 0. 

Hence for the isomorphism property (4) is suffices to prove injectivity on Wo; which fol- 
lows directly from the estimate (5) for m = 1 and the weak regularization property in 
Definition 4.3 (iii). So it remains to prove (5) for r / 0. For that purpose suppose by 
contradiction that for a fixed m e N there exist sequences 

R d 3 r u ^ Qand \\ W »\\ Wm = 1 

such that 1 1 11^ D E /$(r l/ , 0) w w ||j? m — > 0. Since lie* is a bounded map to the finite dimen- 
sional subspace C C F^, on which all norms are equivalent, we find a subsequence (which 
we again index by v G N) such that Uc D E '$(r ly , 0) «)" -> c m £ C converges in F m , and 
hence ||D E '$(r ly , 0) w v — Coo|| F — > 0. Moreover, since W m >• W m -i is compact, we 
find another subsequence such that w u — > w°° S W m -\ converges in W m -\ C E m _\. 
This means that we have convergence (r v , 0, 0, w v ) ~ > on the k = (m — l)-st level of 
the scale tangent space T(E d x E') = (R d x Ek+i x R d x -E , / £ ) fegNo , so that the sc 1 reg- 
ularity of $ implies F m _\ -convergence D E ' ( i ) (r I/ , 0) w v — > D E /$(0, 0) w°° . In particular, 
since F m C F m —\ embeds continuously, we have D E /$(0, 0) w 00 = c M G C, but since 
w°° E W m -\ by construction maps to the complement of C, this implies c m = 0. So we 
have used the scale smoothness and injectivity of 11^ D E <<!>(0, 0) to strengthen the assump- 
tion to ||D E '$(r l/ , 0) to"!^ — > 0. At this point we can use the continuity property (ii b) 
to deduce ||D E »$(0, 0) w v || F —5-0 for a subsequence, so that finally (5) for r = implies 
ll^llwrn — >* in contradiction to the assumption. This proves (5) for |r| K d sufficiently 
small, in particular, it implies that lip D E <<l>(r, 0) is an injective semi-Fredholm operator, 
and by the above index calculation, it is in fact an isomorphism which proves (4). 

After these preparations, an isomorphism of the base h : E = M. d x E' — > (W. d x 
kerD E /$(0,0)) x W is simply given by splitting off the kernel of D E <$(0, 0) from E' 
and adding it to the finite dimensional parameter space. So since the first factor M. d x 
kcrD E '$(0, 0) is finite dimensional, we can equip it with the i?o-norm and find a bounded 
isomorphism to some K fc . This then also is an sc-isomorphism since all E m -norms re- 
stricted to the finite dimensional kcrD E '<l>(0, 0) are equivalent. Next, we obtain a bundle 
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isomorphism G = (g e )e&j overt/ := {e e E | h(e) 6 Bf, x kerD E '$(0, 0) x W} by 

G: WxF -> CxW, (e,/) ^ ( n c / , (n£ o D E ^(pr Kd (/i(e)), O)) -1 ^/ ). 

Here again the first factor C is finite dimensional, hence sc-isomorphic to some M. e . More- 
over, this map has the required strong sc°° regularity as germ near {0} x F because 

(S« d xkcrD E ,ci>(0,0)xM/ m xF„ l+l ) meNo (Cxf^, 

(r,k,w,f) ^ (U c f, (n^oD^tr.O))" 1 ^/) 

is independent of k, w, so that scale smoothness for any i > —m follows by the chain rule 
from the scale smoothness of lie, (which are constructed as linear sc-operators) and 

( r i /) ^ (lie; ° ^>E'^{r, 0)) / (which is a parametrized inverse to an sc°° map, so that 
the usual formula for the derivative of an inverse proves scale smoothness). 

These isomorphisms transform the original map $ to G o ($ - $(0, 0)) o hr 1 : M. d x 

kcrD E ,$(0,0) x W -)• C x W given by 

(r,k,w) i ^ 5h -i (rifeiU)) ($(r,fc + u;) - $(0,0)) = (A(r,fc,to),u; - B(r, k,w)), 
where 

A(r, k, w) = n c ($(r, k + w)-&(0, 0)) 

and 

w-B(r,k,w) = (n^oD P $(r,0)) _1 n^ ($(r,fc + w) - $(0,0)). 

By construction, A : M. d x kcrD E ,$(0, 0) x W -> C is sc°° and S : M d x kerD E <$(0, 0) x 
W —> W is sc°° at {(0, 0)} x W, so it remains to establish the contraction germ property 
for B for a fixed m G N and 6> > 0. Note that we have 

-Il£ D E ,$(r, 0) S(r, fc, w) = Il£ ($(r, fc + w) - $(0, 0) - D E ,$(r, 0)w) 

and hence we can estimate, using the uniform bound (5), 

\\B(r,k, Wl ) - B(r,k,w 2 )\\ Wm=WnEL 

< C m \\tth D E '$(r, 0)B(r, k, v)i) - Il£ D E -$(r, Q)B(r, k, w 2 )\\ Fm 

= C m \\lL^ ($(r,fc + wi) - $(r,k + w 2 ) -D E /$(r,0)(u;i - w 2 ))|| Fm 

< C^||$(r,fc + wi) -$(r,fc + w 2 ) -D E -$(r,0)(wi - u^)^. 

To prove the contraction germ property, let 6 > be given, then we must bound the last 
expression by 6\\wi - w 2 \\ W m for \\(r, fc)|| R£ i xkor D E ,$(o,o). ||wi||w»>. and ||w 2 ||w- suffi- 
ciently small. For that purpose we will use the differentiability of <£>(r, ■) : B e ™ — > F m 
for \r\ Rd < e m . By the triangle inequality, \\k\\ E > m , IKilU^, ll^lls^ < \ e m guaran- 
tees that fc + Xwx + (1 - X)w 2 e Bf™ for all A £ [0, 1]. Then [0, 1] -> F m , X i-> 
$(r, fc + Aiui + (1 — A)w 2 ) is continuously differentiable, and hence we have 

<3>(r, + wi) — $(r, fc + w 2 ) - D E '$(r, 0)(ioi - w 2 ) 




dx$(r, k + Xwi + (1 - X)w 2 ) dX - D E ,$(r,0)(w 1 - w 2 ) 



[ (DK'*(r, fc + Awi + (1 - AH) - D E ,$(r, 0)) (w x - w 2 ) dX. 
Jo 
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Making use of the continuity properties of the differential in (ii a) we may choose < e' m < 
\t m sufficiently small so that, with the given 9 > and constant C m from (5), we have 

\\D w ${r,k + w)--D v ${r,k)\\ L(EL>Fm) < 6/C' m V|r| R d, \\k\\ E > m , \\w\\ Ein < e' m . 

If we now have ||tOi||.E' j H^Hs^ < 4 for all A E [0, 1], then we obtain 

Q 

||$(r,fc + w-l) - $(r, k + w 2 ) - D E -$(0, 0)(wi - w 2 )\\ F < -^-]H - w 2 \\ E > m - 

Recalling that the E' and E' m norms on kcrD]E/$(0, 0) are equivalent, we finally find 
<„ > S m > such that ||(r, k)\\ M d xE , Q < 5 m guarantees |r| R d, ||fc||^ < e' m . Now the 
combination of the above estimates proves the contraction property: Given m E N and 
9 > Owe found S m > so that \\(r, k)\\ R d xE >, \\wi\\ E ^, \\w 2 \\ E > m < S m implies 

LB(r,fc,u;i)-B(r,fc 

' W2 )\\w m 

< C' m \\${r,k + w 1 )-$(r,k + w 2 )-D w $(0,0)(w 1 -w 2 )\\ Fm 

Q 

< C 'm ■ T^rll^l _ w 2\\E' m = ■ \\wi - W 2 \\ Wm = WnE ' m - 

This establishes the contraction germ property for m > 1 and hence shows that &\ El is 
HWZ-Fredholm at 0. □ 

Remark 4.6. Conversely, in order to show that an sc°° map $ that is HWZ-Fredholm at is 
also sc-Fredholm at with respect to a splitting E = R fe x W, we would need the contraction 
germ form to hold for this splitting in a stronger sense. Namely, for fixed m E No we would 
need S m > that does not depend on a choice of 9 > 0, such that then for given 9 > 
there exists e m > such that for H^Hr*, \\wi \\w m ,\\ w 2 \\w m 5= we have contraction 

\\wi - w 2 \\w™ < £m \\B(v,wi) — B(v,W2)\\ w <9\\wi —wz\\w m - 

This, however, would imply dw m B = in the ^-neighbourhood. So there seems to be no 
natural extra condition under which HWZ-Fredholm maps are also sc-Fredholm. 

5. FREDHOLM PROPERTY FOR TRAJECTORY BREAKING IN HAMILTONIAN FLOER 

THEORY 

The full polyfold setup for Hamiltonian Floer theory will be a corollary of the polyfold 
setup for Symplectic Field Theory in [HWZ7]. The purpose of this section is to demonstrate 
the Fredholm property of the Cauchy-Riemann operator with Hamiltonian perturbation in 
a simplified geometric setting that nevertheless captures all analytic subtleties (with the 
exception of sphere bubbling, that is already treated [HWZ5]). For that purpose we consider 
an autonomous Hamiltonian vector field X : C" — > C™ with isolated critical point E 
Crit(X) and fix an almost complex structure J : C™ — » Hom(C", C"), assuming that 
both have all derivatives uniformly bounded. Then we consider the neighbourhood of a 
generalized Floer trajectory from to that is once broken at 0. That is, we consider 
71,72 E C°°(]R x S 1 , C n ) that satisfy the perturbed Cauchy-Riemann equation over (s, t) E 
K x S 1 and have finite energy, 

dj,xli ■■= d s ji + J(7i)(9t7i ~ x (n)) = 0> / \d s "fi\ 2 + \dtli - x (n)\ 2 < oo- 

JRxS 1 

We recall from e.g. [S] that this implies exponential decay for some constants C and S > 0, 

(6) \d sll (s,t)\ = \da l (s,t)-X( 1 . l (s,t))\ <Ce- s ^ V(s,t)EKx5 1 . 
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To model nearby Floer trajectories, we begin with the pregluing map for some < So < 5, 
(0, j-L) x 5 W "(R x ^.C) x x S^C") — > H 1,5 °(R X S^C") 

(r,£i,£ 2 ) ► © e i/r(fi,6) 

given by a cutoff function /3 G C°°(R, [0, 1]) with ^[(—oo,—!] = and /9|[i )00 ) = 1 as 
(7) ©fl(£i,&) := /3-Tr£i + (1-0)-t_ ji & i 

where we denote the shift action by 

Rx H hSa (Rx S\C n ) — > H 1Jo (R x S\C n ) 

Remark 5.1. Since the moduli spaces of Floer trajectories consist of Floer trajectories 
modulo R-shifts, we also have to fix local slices, e.g. find codimension 1 hyperplanes 
Si,S 2 C C" that intersect 7, transversely at (0,0) G K X S 1 , then replace H 1Sa with 
H 3 ' S ° -neighbourhoods of in the local slice {£j | £i(0, 0) G T 7 .( ,o)^i}- Since this does 
not affect the Fredholm analysis but significantly complicates the notation, we will use the 
above simplified setup, noting that one obtains a polyfold setup for Hamiltonian Floer the- 
ory by making the indicated adjustments in each step. 

Throughout, we fix a choice of the cutoff function (j, and will need another similar (not 
necessarily related) function to define weighted Sobolev spaces that we now organize into 
scale Banach spaces. (Different choices will induce equivalent norms on the same space.) 

Lemma 5.2. The weighted Sobolev space with scale structure 

W| P (R x S\C n ) = «t m ' P ( R x ^\C")) meNo 

defines a sc-Banach space for any n G N, t G No, 1 < p < 00, and weight sequence 
S = (<5 m ) m gN with k > m =>■ 5k > S rn . It is defined by the weighted Sobolev spaces 

Wg' p (R x S\C n ) := {u : R x S 1 -¥ C" | (s,t) h> e 5 " (s) u(s, t) G W k ' p ) 

with norm \\u\\ w k, P := \\e Sr> u\\ W k, P for some choice of smooth function r] G C°°(R), with 
7](s) = \s\for \s\ > 1 and < r/(s) < I for \s\ < 1. 

Proof. The inclusion E k = W^' P {R x S\C n ) C W]£~ e ' p (R x S\C n ) = E m for 
k > m exists since e 5kV > e 5mV . It is compact since the restriction Wg^ e ' p (M. x S 1 , C") — > 
W r s n k +e - p ([-R,R] x S^C") is a compact Sobolev imbedding for any finite R > 1 (due 
to the loss of derivatives k > m, see [A]) and the restriction W 5 fc+ *' P (R x S^C") — » 
Wg+ e ' p ((M \ [-R, R]) x S 1 , C") converges to in the operator norm as R -> 00 (due to 
the exponential weight sup^^e^^e-^''^ = e ~^k-S m )Ry 

The smooth points u G ^oo := n„ lGNo Wg^ m ' p (Rx S 1 , C n ) are those smooth maps u G 
C°°(RxS* 1 , C") whose derivatives decay exponentially, sup s teRxS i e 5?) ( s > \d^d^ 2 u{s, t)\ < 
00 for all N\,N2 G No and any submaximal weight 5 < sup meN 8 m . In particular, the 
compactly supported smooth functions are a subset C X5 (R x S 1 , C n ) C E^; and even these 
are dense in any weighted Sobolev space (for p < 00). □ 

Modulo the adjustments of Remark 5.1, the moduli space of unbroken and broken Floer 
trajectories near ([71], [72]) can now be described as the zero set of a Fredholm section in 
an M-polyfold bundle - more precisely in a local chart, given by a splicing. We begin this 
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description by fixing ambient scale Hilbert spaces from Lemma 5.2 with p = 2 and a weight 
sequence < 5q < 5i < . . . < 5, 

B := (B m := H 1+m,Sm (R x S\C n ) x H 1+m ' Sm (R x S\ C n )) mgNo , 

E := (E m := H 0+m ' Sm (M. x S\C n ) x H 0+m,Sm (R x 5 1 , C")) mgN . 

This will provide the ambient smooth structure of a splicing obtained from the pregluing 
map (7) together with the complementary anti-pregluing map 

(0,^)xBo — > ff 1A (Kx5\C") 
(8) (r,Ci,C») — ► e e i/r(Ci,Ca) := (1 - 0) ■ r e i/, £i - /? ■ r_ e i/ r &. 

To define the splicing, we extend this notation to r £ [0, f^jg), with r = corresponding 
to gluing parameter R = oo, where we do not glue, i.e. we set © e i/o(£i,£2) '■— (£17 £2) and 
e i/o(Ci, C2) := 0. With that, the ambient splicing core is 

B := { (r, 6 , 6) e [0, 1^ ) x 1 1 (& , £ 2 ) 6 kcr e e i/r (Ci , Ca) } ■ 

It arises from the fact that ©_r x 6h is an isomorphism for each R £ (42, 00], though only 
pointwise continuous rather than in the operator norm, so that we obtain a pointwise scale 
smooth family of projections parametrized via the "gluing profile" R(r) := e 1 / 7 ', 

[0,j^)xB -> B, (r,£i,6) ^ 7r r (6,6) == (®Ji X efl)-^©^!,^)^). 

Now one should restrict S to a small neighbourhood of £ B and think of the neighbour- 
hood of the broken trajectory (71, 72) as given by ©_r(7i + £1, 72 + £2) for (r, £1, £2) £ B. 
Then the moduli space of Floer trajectories near the broken trajectory ([71], [72]) is 
described (up to the adjustments of Remark 5. 1) as the zero set of the operator 

(j}-.B^£, (£i,£ 2 ) ^ (§h xei ? )- 1 (a J ,x©i?X7i+6,72+£2),0) £ £ r . 

Here the fibers of the bundle £ = U( r ji £ 2 )ee ^ r are independently of (£1, £2) given by the 
kernel £ r = kcr ©# C E of the anti-pregluing map ©^ : E — > E, where the isomorphism 
®r x ©i? for each r £ [0, is given by the same equations as for the base B in (7), (8). 

Although neither B nor £ are locally even homeomorphic to Banach spaces, they are 
given as families of linear subspaces of the scale Hilbert spaces B and E parametrized by 
the gluing parameter r £ [0, jj^) such that "base and fiber dimensions jump in the same 
way" as r converges to 0. This is formalized by the existence of a "filled section", which 
restricts to isomorphisms between the complements of the fibers of B and £ , and whose 
zero set is the same as that of the original section <f>. This filling can usually be achieved by 
acting with a linearized operator on the anti-preglued map. In this case, it gives rise to the 
operator $ : [0, r^jo) x B — > E given in the cases r > and r = by 

$(r,£i,£ 2 ) := (§b x ©fl^ 1 (axx©i?.(7i+a,72+£2),(D ej?(7l!72) a, / ,x)©fl(£i,£2)), 
$(0,£i,£ 2 ) := (®r x ©fl)~ 1 (9j,x(7i+6)Ax(72+£ 2 )). 

Now 4> is called a polyfold Fredholm section of £ — » B if $ is a nonlinear Fredholm map 
in the sense of Definition 4. 1 . We will prove the latter by applying the criteria of Defini- 
tion 4.3 and appealing to Theorem 4.5. In fact, the scale smoothness follows from the chain 
rule and the fact that the shift action is sc°°, and classical differentiability only fails in the 
shift action, i.e. in the direction of [0, 3-^5 )■ Moreover, the regularization property (i) fol- 
lows from standard elliptic regularity for the nonlinear Cauchy-Riemann operator together 
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with the exponential decay property (6). 4 Hence we concentrate our discussion on the con- 
tinuity and Fredholm properties (ii) and (iii) of the linearization in the direction of E, where 
[0, ) pl a y s the r °l e of the finite dimensional parameter space R d . To calculate the partial 
differential De^r, e) at r <G [0, y^m) an< ^ £ = ( e i) e z) e ^> we abbreviate (always with 

R = e 1 ' r ) 

lr ■= ®Bill,l2), 1r '■= ®R(ll+ e lil2+e 2 ), lr= T ±Rlr, lr ±=T ±Rlr 

for r > and for r = set 7^ := 71, 7^ := 72, which coincides with the pointwise r — > 
resp. R — > 00 limits of 7^ = t±r © r (71, 72)- With that notation we obtain for r > 



D E $(r,e)(a,6) = 



~ , , / d J)X ®r(h + ei + + e 2 + h£ 2 ) 

^=0 V ( D 7r^^) ©fl(ei + h£ 1 ,e 2 + h&) 



= (Si? x §h) 1 
and may then use the formula 

(§« x e«)- 1 (Ci,C2) = 

to obtain for r > 

(9) Dn*(r,e)(£i,f 2 ) = I 



(0, + J( 7r e ) 9* - D 7 «(JX)) © fl (a,6) N 
(0. + J( 7r )0 t - D lr (JX)) 9* (£1,6), 

T --R,l^2 +(1 _ (3 )2' 

. 1-/3 , 
P»+(1-P)»'* i ^ + (1-/3)2 




/ (D 7 -aj,jt)ei + £i(r,e,£i,&) 

V(D 7 +9j,x)6 + £ 2 (r,e,£i,6). 
Here the error terms can be written with the help of further abbreviations 



B (-oo,fl+l] ._ £ \ B \R-l.o6\ ._ (1-/3) 2 

■— r-HI j g2 + ( 1 _ ( g)2 I , • ^1 /3 2 + (l-,3) 2 I 



^3? 



(where the superscripts indicate the support of functions) for r > as 

E 1 (r,e,Z 1 ,&) = B(-°°' R +V(J(r r -)-J('y- r ))d t (; 1 + B^ R +^ ■ 
- (D 7 «-(JX) - D 7; (JX )) Ci 

+ S[«-W(j(7 r e-)-J(7;)) T _ 2flSt6 - Bf-^+^-r^^ 
_ S [«-i.«+i](D 7; -(JX)-D 7; (JX)))r_ 2il 6, 



and analogously for ^(f, e, £1,^2) with an expression involving the base points 7r + ,7^~ 
and the vectors £2, t 2 r £1. For r = we similarly obtain 

£i(0,e,£i,6) = (J( 7< + ei) - J(7i)) $6 - (D 7i+ei (JX) - D 7i (JX)) 

which coincides with the formulas for Ei(r,e, £1, £2) if f° r -R = 00 we set fiC -00 '^ 1 ] = 
1, S^" 1 ' 00 ) = 1, = 0, = 0. Based on these expressions we 

will verify the requirements (ii a), (ii b), and (iii) of Definition 4.3 in the following three 
lemmas. Note here that we need to exclude the case m = because H 1 is not closed under 



4 For the regularization property it is crucial that the weight sequence <5 is chosen between and the exponen- 
tial decay constant <5 > 0. The latter is also closely connected to the asymptotic operators J(j(±od, -))dt + 
rJ 7 (±oo,-) {JX) in that <5 lies in the spectral gap between and the lowest positive eigenvalue of each of these. 
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multiplication. In the fully adjusted setup according to Remark 5.1, this does not pose a 
problem since the m = scale then carries an i/ 3 -norm, hence forms a Banach algebra. 

Lemma 5.3. Property (ii a) of Definition 4.3 holds, that is for any m G N and S > there 
exists e mi s > such that for all r G [0, e nit $), e, e' G {(ei, e 2 ) | Vi : ||ei|| ffm +i,5 m < e mj a} 
vwf/i ||e£ — e.;|| ffm +i,<5 m < e„ l: s and any ^1,^2 G H m+1 - Sm we have 

||D E $(r,e)(a,6) -D E $(r,e')(a,6)|| ffm ,, m < *(||6||i*»+Mm + INI^+m™)- 
Proof. We establish this estimate representatively for the first factor, where we start off from 

||D E <K(r,e)(a,6)-D E $(r,e')(ei,6)|| ffm ,, m 
= ||-Ei(r,e,£i>6) - E 1 (r,e / ,£ 1 ,&)\\ Hm ,i im 

+ || (D 7 e - (JX) - - (JJO)fc ||ir».«m ) 
+ ||Bt»- l '*+ 1 ]|| Cra (||(J(7 P e -)-^"))r- a flft6|| Hm ., m 

+ \\{B X -(JX) -D 7 e,-(JX))r_ 2fl 6L m , 5 



Here the C"'-norms of the modified cutoff functions || || CTO = || Tj^^iTjp- || Cm 

and ||_B[- R-1 '" R+1 ] || Cm = || ^2^( 1 "j 8 / 3)2 ||g m ar e bounded independently of i? since, up to a 
shift, they are given in terms of the fixed function (3 G C°°(R, [0, 1]). The second of these 
functions is moreover supported in [R — 1, R + 1] since (3(1 — 0) is supported in [—1, 1]. 
Now we use the Sobolev embeddings H m+1 =-> C m_1 and H 1 =-> L 4 on 2-dimensional 
domains to estimate with some constant C m > 



c 



h- 1 1 D E $ (r, e) (a , 6 ) - D E $ (r, e') (6 , 6 ) 1 1 H „ 



(10) 



< ||7r"-7r 11c— H(-oo,fl+l])H^llff m+1 ' 5 "' 

+ ||v' m ( 7 r-7r)lL 4(( _ 0O ^ +1]) i| e 5 -"aik- 

+ \\7r ~lr ||c"- 1 ([H-l,B+l])ll T - 2fl ^ 2 ll fl " m+1,5m (t-R- 1 .fi+ 1 ]) 

+ ||V m (7r"- 7r ")|lL4 ([fl _ 1K+1]) l|e' 5 " 1 ' , T_2i?^2||w 1 . 4 ([fl-l,i?+l]) 

< ||7r"-7r 1l ffm +i((-oo,i?.+ l])II^Hff m + 1 ' 5 ™ 

+ ||7r Hiym+i([fl_i,fl + i])ll r -2R6llfl'«'+i.'Sm([ii-l,fl + l])- 

Next, from (7) we read off 7^" — 7^ " = r- R 6 • (ei — e^) + (1 — T- R /3)T- 2R (e 2 — e 2 ), so that 
we can make good use of the weighting function rj(s) = \s\ for |s| > 1 to estimate 

l|7r ~ Tr ||jf"»+l((-oo,R+l]) 

< ll e l _ e illff m + 1 ((-oo,-R+l]) + ll e2 _ e 2llff m + 1 ((-oo>--R+l]) 

< || e ^( ei - e[)\\ Hm+1 + \\e- s ^\\ L ^ {{ _^_ R+1]) \\e 5 ^(e 2 - e' 2 )\\ Hm+1 ) 

< Hei-eill^i.*™ +e- 5 ^ R -V\\e 2 -e 2 \\ Hm+l , Sm , 
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||7r 7r \\H m + 1 ([R-l,R+l]) 

< II ei - e / 1 ||fl-m+i([ fl _ lifl+ i]) + ||e 2 - e 2 ll-ff m + 1 ([--R-i---R+i]) 

< e -MH-i)(|| c ^( ei _ e'JH^ + || e ^ (ca _ e' 2 )\\ Hm+1 ) 

< e-^(«- 1 '(||e 1 - e i|| ffm+1 ., m +||e 2 -4|| i , m+1 ,, m ), 

1 1 T— 2 JJ^2 1 1 iT"»+ 1 ([«— 1 , ) 

_ || e ' 5 ™ T2R, '^2||i?»»+i([-fl-i,-ji+i]) 

< sup (e^l s + 2fl l- e <5 ™l s l)||e 5 ^2||^+ 1 ([-fl-i,-ii+i]) 

se[-B-l,-B+l] 

Now we can cancel the independent exponential factors in the second term of (10) to obtain 

1 1 D E $ (r, e) (f i , 6 ) - D E $ (r , e') (6 , 6 ) 1 1 Rm , Sm 
< Cm(||ei-e / 1 ||H M+Mm + ||e 2 -e 2 || Hm +M m )(||ai|jf"+M m +e M "*||6|| fl « + i.. m ) > 
which proves the lemma with e m ^ = S C^~e~ 2Sm . □ 

For the remaining two parts of the scale Fredholm property, it suffices to consider the 
partial differential at e = 0, where the error term simplifies so that the operator is given by 



D E $(r,0) : (6, 6) ^ 



(D-y- ®J,x) £l + B[ R ~ 1,R+1 ^ (£i — T-2R £2] 



7r 

Lemma 5.4. Property (ii b) of Definition 4.3 holds even without allowing a subsequence. 
That is for any sequences < — > an<i ||Ci II JT"*+ 1 '*m. j IIC2 ll// m+1 ' s "> < 1 that satisfy 
p K $(r»,0)(g,&)\\ Hm:Sm —> 0, weahohave ||D E $(0,0)(^,£0|| ffm ,, m 0. 

Proof. Let r 1 ', £^ , be such a sequence, then we have with R v := e 1 ' r —> 00 

||D E $(r v ,0)(ff,g)-DK*(0,0)(er,S)|| H ™.*» 
< || (D 7 - 9xx - D 71 ^ A -) fr||fl»,« m + II (D 7 + Bj, x - B l2 Bj. x ) &\\ Hm , Sm 

The first and second term can be shown to converge to zero just using the bounds on 
||jjm+i,« m and the fact that 71,72 £ jjm+2,5 m+1 ^ i nc [ ee( } 5 f or the first term we have 

7~„ - 71 = {t-ru/3 - 1)71 + (1 - r_H"^)r_2ft"72 where supp(r_^/3 - 1) C [ii" - 
1,R V + 1], so that we obtain convergence 

Ur" _ 7l|| C m < \\0 - l|| C m(|l7l||c"*([Ji"-l,Ji''+l]) + ||72||c»([-fl>'-l,-fl''+l])) 

^ ||j8-l|| c ™e- ff ™ +1 ^- 1 )(||7i|lH»+M f ^i+||78||fl»+M m+ i) -> 0. 

For the second term we analogously have 1 1 7^ — 72 1 | Cm = 1 1 tr* (3t2R" 71 + tr« f3j2 1 1 — >- 
since supp(r^^/3) C [— R" — 1, — R v + 1]. Now the estimates of Lemma 5.3 simplify to 

\\{^> 1 -dj,x-'D J1 dj tX )^\\ HmtSm < ||7^-7i|| Cm ||Ci1| Hra+Mro -+ 0, 
\\(V 1 +Bj,x-~D- f2 dj,x)&\\ Hm ,s m < \\ri-l2\\e m \\&\\ Hm +^ m -> °- 

For the third and fourth term we do not even obtain bounds from the i7" l+1Anl -bounds 
since the shifts may interact unfavorably with the weight functions. However, we can use 
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the facts that these terms are supported near ±R U and that D^{r v , 0)(£i, is a Cauchy 
sequence to obtain convergence to zero. Indeed, given v G N we can choose p > v such 
that — R v \ > 2, so that the intervals of width 2 around ±R U do not intersect those 
around ±R^. Then the triangle inequality in the first factor gives 

||D E $(^ 1 0)(^,^)-D E $(^ J 0)(^,^)|| Hroi5m + ||(D 7 - Bj, x )g - (D 7 - 8j, x )g\\ 

— II R[-R' y -i.-R"+i] /v^ _ tfMI i II r[^-i,-R"+i] (tv- ^ 

- \\ B s (?1 - T --2R" S,2)\\ H m,5 m + \\ B s (?1 - r -2W 4 2 J|| ff ™,5 m 

The terms on the left hand side converge to by assumption and by the convergence for 
the linearized Cauchy-Riemann operators proven above, hence the right hand side must 
also converge to as /i > v — > oo. The analogous argument for the second factor proves 
the convergence jji?!" 72 ~ 1, ~ R +1 1 — T2Rv gfj || ^ — j, (J, so that we have proven 
||D E $(r y ,0)(^,^) ~ DE^OXfiSSflllffm.,™ -> Oas^claimed. □ 



Lemma 5.5. Property (Hi) of Definition 4.3 holds, that is the differential De$(0,0) = 
(d s + J(ji) dt — D 7i (JX)) i _ : B 4 E is sc-Fredholm in the sense of Definition 3.1. 
Moreover D E $(r,0) : H l ' S ° x H 1 ' 6 " -4 if ' 50 x if ' 5 " is a Fredholm operator with 
kerDE3>(r, 0) C i7 2,dl x if 2 ' 51 /or aW sufficiently small < r < e , w/f/i f/ze same 
Fredholm index as De$(0, 0). 

Proof. To check that De < 1 > (0, 0) = (D 7i 9j j x) i _ 1 2 i s sc-Fredholm we note that the condi- 
tions of Definition 3.1 are fulfilled by the following standard elliptic estimates, regularity, 
and Fredholm properties for the Cauchy-Riemann operators D 7i 9j x in each factor. 

(i) For any m G No we have bounded restrictions D 7i Bj y x '■ H m+1 ' Sm —> H m ' Sm . 

(ii) If & G H 1A and D 7i <9j, x & G H m < 5 ™ then & G iJ™+Mm. 

(iii) D 7i <9 J; x : # Mn -> #° A is a Fredholm operator. 5 

Next, the regularity for the kernel of kerD]E$(r, 0) holds since for G ii" 1 ' 150 with 

D E $(r,0)(a,6) = Owe have (D = -fll*" 1 ' 1 *" 1] (fr - t_ m G H 1,<5 ' 

for any exponential weight 5' > 0, since the right hand side is compactly supported. Now 
elliptic regularity for the Cauchy-Riemann operator T) -9j,x as in (ii) implies £i G H 2 ' S , 
where in particular we can pick 6' = S m+ i > S m . Regularity for £ 2 analogously follows 
from (D 7 +9j, x )6 = -B^ _1, - B+1] (6 - t 2R &). 

Finally, to see that D£$(r, 0) for r > sufficiently small is Fredholm with the same 
index as De$(0, 0), we note that, since r > and hence R < 00 is fixed, we have estimates 
as in Lemma 5.4, 

I ( (d 7 - dj, x , d 7 + B Jt x) - d e $(o, o)) (a , 6) 1 1 hO So 

< \\lr - 7l|| C oll£l||j?Mo + ||7^ -72|| c oll6llff 1 . 5 o, 

5 Its index is given by the spectral flow of s 1— > J(7;(s, -))9t + D 7 .( Sj .) (JX) — 5or/(s)Id, but this is 
not needed for the proof. In particular, Lemma 3.5 implies that D- Ii dj : x '■ H 1+m,Sm —> H m ' Sm has the 
same Fredholm index. On the other hand, this index also equals to the spectral flow of s H >/(7;(s, -))dt + 
D 7i (s ,-){JX) — 8 m r\' (s)Id. These index identities are consistent since by choice of the weight sequence, both 
8q and 8 m lie in the spectral gap (0, <5) of the asymptotic operators J(7i(±oo, -))dt + D li (± oa ^(JX). That 
choice was necessary to obtain the regularization property for the nonlinear as well as the linear Cauchy-Riemann 
operator. Indeed, (ii) crucially uses the fact that ker D 7i dj t x C HfegN H k ' S with the exponential decay constant 
8 > from (6). 
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D E <f(r,0) - (D 7 -a JiX ,D 7 +fl JiX ) ) (6, 6) ff0i , o < Cw (||6 1| H o,s' + HSjHhm') 

with the constant Cr.5' exponentially depending on i? = e 1 / 1 " and the choice of 5' > 0. 
The first estimate shows that (D - dj t x,^ 7 +Bj t x) ~ > De'JKO, 0) as r — > in the operator 
topology of L(H 1 ' 5 °,H°' 5 °). Since the set of Fredholm operators is open and the index is 
locally constant, this proves that there is eo > so that (D y -8j t x, D +dj t x) is Fredholm 
with the index of De^O, 0) for all < r < en. Now for any fixed r < en, the second esti- 
mate with 5' > So shows that De^IV, 0) is a compact perturbation of (D - dj t x , D 7 + dj,x), 
and hence is also Fredholm with the same index, as claimed. □ 
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